Nonlinear small-amplitude kinetic Alfv en solitary waves (KASWs) are investigated with their "anomalous" kinetic viscosity effect on electrons. It is found that the structure of a hump-type KASW solution develops into a shock-type (or double layer) KASW solution for large amplitude KASWs when viscosity exists. For small amplitude KASWs, the Korteweg-de Vries (KdV) equation with an approximate pseudopotential was solved, and it is found that the hump-type KASWs develop into oscillating shock-type (kink-type) KASWs. It is also found that the oscillating scale of this structure is related to the propagation velocity and plasma beta, while the damping scale is inversely proportional to the viscosity. V C 2013 AIP Publishing LLC.
I. INTRODUCTION
Since Hasegawa and Mima 1 first investigated the kinetic Alfv en solitary wave (KASW) in low b plasmas, numerous studies on KASWs have been conducted under various plasma conditions. [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] For example, Chen et al. 19 examined the kinetic Alfv en wave instability driven by a field-aligned current in high b plasmas. Hollweg and Kaghashvili 20 examined the density fluctuations of a linearly polarized Alfv en waves in a shear flow. Ofman and Davila 7 investigated the nonlinear effects that drive the solitary waves associated with Alfv en waves in the context of coronal holes. KASWs have also been observed during numerous space missions. Wu et al. 6 identified KASWs accompanied by both dip-type and hump-type density structures in the Freja observations. Louarn et al. 8 also examined the localized strong electromagnetic perturbations that were observed by the F4 experiment in the Freja satellite; Huang et al. 9 later identified these perturbations as KASW eigenmodes. Using data from the POLAR and CLUSTER satellites, Chen 18 reported an observation of large amplitude electromagnetic fluctuations and the associated energization of particles in the local magnetospheric cusp region.
Recently, Wu 13, 14 considered the effect of electron collisional dissipation in a model study of nonlinear kinetic Alfv en waves. Those results demonstrated that dissipative KASWs could produce local shock-like structures with a net parallel electric potential drop. Wu and Chao 15 examined dissipative nonlinear inertial Alfv en waves as a model of electron acceleration in the auroral ionosphere and magnetosphere. Woo et al. 21 investigated the effect of a small electron viscosity on KASWs in extremely low b plasma; they also demonstrated the formation of a kinetic Alfv en double layer for a large amplitude KASW.
In this paper, based on the pseudopotential and reductive perturbation methods, the structural changes of KASWs that result from the effect of electron viscosity are investigated. The results demonstrate that hump-type or dip-type solitary wave structures can develop into shock-like structures when viscosity exists. Compared with Ref. 21 , this research focuses on when the electron pressure dominates the dynamics along the magnetic field line with a moderate b. It was found that, for this case, KASWs exhibit an oscillatory structure in a small amplitude limit while the KASW in Ref. 21 was a pure double layer. The present paper is organized as follows. In Sec. II, the basic equations are introduced and the Sagdeev pseudopotential, which is analyzed in detail using a graphical method, is derived. Because an exact analytical solution is difficult to obtain for the Sagdeev pseudopotential due to the electron viscosity term, the Korteweg-de Vries (KdV) equation is formulated corresponding to the Sagdeev pseudopotential in Sec. III, and then it is solved in Sec. IV for approximate solutions of the small amplitude KASWs with suitable assumptions. Finally, conclusions are provided in Sec. V.
II. BASIC EQUATIONS
The focus of this research is on the obliquely propagating Alfv enic mode in magnetized plasma with low b plasma that satisfies Q ( b ( 1, where Q ¼ m e /m i with m e and m i representing the electron and ion masses, respectively. When the plasma is strongly magnetized and compressional magnetic perturbation is not present, the transversal electric fields can be expressed in terms of two potentials:
, where z and x are the co-ordinates parallel and perpendicular to the magnetic field, respectively. These potentials produce pure shear perturbations along the magnetic field. For electrons, the continuity equation can be written as follows:
and the massless momentum equation with viscosity can be written as follows:
The basic equations for ions can also be written as follows:
and
The ion motion has polarization drift in the x direction only, as follows:
Here, the following normalized variables were used:
ew=T e ! w 0 ; and x 2 pi
where r g ¼ (T e /m i ) 1/2 /X i is the ion gyroradius,
is the Alfv en speed, and x pi is the ion plasma frequency. Here, l is the kinematic viscosity of the electron fluid. Note that, for simplicity, all primes have been deleted from the normalized equations above. A finite viscosity for the electrons was assumed; this viscosity might arise when background magnetic turbulence exists. Biskamp 23 demonstrated that when there is a small-scale magnetic turbulence, the "anomalous" kinematic viscosity is given by the following equation:
where s B is the magnetic correlation time and hB s 2 i is the small-scale turbulent magnetic field intensity. This formula is applicable for low b plasma when small-scale and large-scale perturbations have well separated spectra.
Using Faraday's law and Ampere's law, the following is obtained:
Again, in this equation, the current in the x direction in Ampere's law is neglected. Now, the above equations are transformed into a moving frame with
and M is the Mach number normalized by the Alfv en velocity (v A ). Then, the following equation is obtained:
After some algebra and by assuming a neutral charge condition, the following is obtained:
where n ¼ n i ¼ n e . Because the ion velocity along the parallel direction is not important and v iz is consequently set to 0, the following is finally obtained:
which is the same result as that presented by Woo et al. 21 If the focus is limited to a situation without viscosity (l ¼ 0), then Eq. (10) is the same as that derived by Hasegawa. 1 In Fig. 1 , the numerical solution of Eq. (10) is presented for several different viscosity values. As the viscosity changes from l ¼ 0 to l ¼ 0.5, the structure of the large amplitude hump-type KASW develops into a shock-type (or double layer) KASW. It should be noted that the oscillating part that was noted in Wu's result 13 is not present in this research.
III. DERIVATION OF THE KORTEWEG-DE VRIES (KDV) EQUATION
It is difficult to calculate the precise pseudopotential function corresponding to Eq. (10) due to the viscosity term; therefore, a quasi-exact solution is sought using the KdV formalism in this section. The stretched co-ordinates are introduced using the reductive perturbation method 24 as follows:
where e is the small expansion parameter and V 0 is the phase velocity of a solitary wave. In this new co-ordinate system, the physical parameters are expanded as follows: 
After substituting the stretching co-ordinates into Eq. (11) and the perturbation expansions of Eq. (12) into Eqs. (1)- (5) and (7), the first order (O(e)) equations can be obtained as described in the Appendix. From the first order (O(e)) equations, the following is obtained:
Furthermore, from Eq. (5), the first order of the x-component of the ion velocity can be expressed as follows:
From the next higher order (O(e 2 )) equations (see Appendix), the following can be obtained:
The dispersion relation for the velocity (V 0 ) can be obtained as follows:
After some complicated algebra from the next higher order (O(e 2 )) equations using the relation presented in Eq. (17), the following can be obtained:
where
, and E ¼ 2V 0
. In Eq. (18), the third term is the result of the coupling between the polarization current and electric field. This term is the source contribution because the kinetic Alfv en wave is propagating in an oblique direction with changes in the x direction.
Because the focus of this research remains on a stationary solution that propagates in an arbitrary direction, Eq. (18) is transformed into a moving frame as follows:
Then, Eq. (18) can be rewritten as follows:
Equation (14) can be transformed as follows:
Thus, Eq. (20) is reduced to a simple form as follows:
, and
IV. RESULTS AND DISCUSSION
While Cvetićanin 25 obtained an exact analytical solution of the energy-displacement function in Eq. (22) for b ¼ 0, the highly nonlinear term (n (1) ) 2 increases the difficulty of solving this equation without assumptions. Therefore, the pseudopotential is modified slightly, as will be demonstrated in this section, in order to appreciate the behavior of the solution.
First, if the viscosity effect is neglected, the following is obtained from Eq. (22):
where n (1) ¼ n is the conventional notation and the pseudopo-
From the shape of the potential, it is evident that the coefficient a must always be positive, as shown in Fig. 2(a) . Hence, the condition of the velocity of a solitary wave is as follows:
The analytic solution of Eq. (23) without viscosity is well known as follows:
as shown in Fig. 2(b) . Now, Eq. (22) will be solved including the viscosity effect. By multiplying both sides of Eq. (22) by dn/df, the following is obtained:
where the total pseudo-particle energy (R(f)) is defined as
Now, the boundary condition can be obtained as follows:
Therefore, this condition can be used as the initial condition with
Thus, the equation between the total pseudo-particle energy and density is found as follows:
Now, V(n) is approximated in quadratic form and denoted bỹ V n ð Þ. This approximated solution should be asymptotically the same as the original potential with the following three requirements:
where n ¼ -a/b is the local minimum of V(n).
In Fig. 3(a) ,Ṽ n ð Þ is compared with V(n) for a ¼ 1 and b ¼ À1.5. While the pseudoparticle experiences the potential V(n),Ṽ n ð Þ is introduced for the purpose of mathematical tractability only, as demonstrated below. Equation (30) can be rewritten as follows:
Next, the following is set
Then, the equation of motion becomes
After some algebra to set R 0 ¼ 
Therefore, Eq. (34) gives the following:
where C is an integration constant. 
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Because p ¼ 6c ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 2R 0 À an 0 2 p , Eq. (36) can be rewritten as follows:
where the relation of arctanh Àix ð Þ ¼ Ài arctan x ð Þ is used and c 2 in the logarithm is included in C.
Because the arctangent function in Eq. (37) is discontinuous at n 0 ¼ 0 (dashed vertical line in Fig. 3(a) ) for an arbitrary value of p, two cases are considered
For n 0 > 0 and n 0 < 0, the following is clear
Thus, at this n 0 ¼ 0 point, the integration constant C is continuous and the total pseudo-particle energy (R 0 ) is also continuous across the point. For example, if the coefficients are set to a ¼ 1, b ¼ À1.5, and c ¼ À0.05, the first integration constant (C 0 ), which indicates the loss of energy through the viscosity after the first bounce, can be calculated as shown in Fig. 3(b) . Then, after the first bounce, the integration constant is as follows:
Thus, C 0 ¼ À1.91079; and after one bounce, C 1 ¼ À2.06792 and C 2 ¼ À2.225. Now, it is clear that after the mth crossing, i.e., the minimum point, the integration constant can be obtained simply as follows:
As m!1, n ! -a/b and R ! -a 3 /6b 2 . Thus, the particle tends to sit in the potential minimum. When the density is oscillating near -a/b, this is a simple harmonic oscillation and the change in the density is very small. With n (1) ¼ Àa/b in the quadratic term, Eq. (27) can be rewritten as follows:
Then, this linear equation can be easily solved and the following is obtained:
Because the viscosity term is included in coefficient c, the oscillation with damping in Eq. (45) is related to the viscosity. As seen in Fig. 4 , there is a slight difference between the exact pseudopotential and the approximated pseudopotential in the early phases for the density oscillation, but the two oscillations equalize after a sufficient amount of time. By comparing Fig. 2(b) with Fig. 4 , it can also be seen that the hump-type KASW develops into a shock-type KASW due to the viscosity in the small amplitude limit. For this double layer, the spatial oscillating scale is L 0 ¼ 
V. CONCLUSION
In this paper, the viscosity effect of electrons on a nonlinear KASW was investigated for low b plasma obliquely propagating with respect to an external magnetic field. It was found that the structure of the hump-type KASW solution developed into a shock-type (or double layer) solution for a large amplitude KASW when viscosity existed. For a small amplitude KASW, the KdV equation, which had the form of a nonlinear damped harmonic oscillation, was derived; this equation was solved using an approximated pseudopotential. The primary difference between Figs. 1 and 4 is the existence of the damping phenomenon: the large amplitude KASW did not have an oscillatory phenomenon; however, the small amplitude KASW had a damping oscillation due to its electron viscosity. The present results imply that dissipative KASWs could produce a local shock-like structure (i.e., a double layer) in the presence of viscosity that might arise due to magnetic fluctuations. This structure could accelerate particles locally, particularly in space plasmas where KASWs have been frequently observed.
